L-Unive I’Sité Department of Mathematics
ta' Ma Ita Faculty of Science

B.Sc. IT (Hons.) Year |
Sample Coursework Assignment

MAT1804: Mathematics for Computing November 20XX

Instructions

This assignment will assess your knowledge of the topics we have covered so
far in class, namely propositional logic, set theory and predicate logic.

Read the following instructions carefully.
e This assignment consists of 6 questions and is out of 100 marks.

e Submit your solutions in PDF format on VLE by XXth of November,
20XX, no later than 12:00.

e Attempt all questions.

/\ This is not a group assignment: plagiarism will not be tolerated.
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1. Consider the following propositions.

h ="“There is a flight from Malta to Heathrow”
p ="“There is a flight from Malta to Paris”
t = “Today is a Tuesday”
(a) Express the following sentences as propositions in terms of h, p, t.
(i) There is no flight from Malta to Heathrow.
(ii) There are flights from Malta to both Heathrow and Paris.

(iii) If there is a flight from Malta to Paris, there is also one to
Heathrow.

(iv) Unless there is a flight from Malta to Heathrow, then there isn’t
one to Paris.

(v) If it's a Tuesday there is either a flight from Malta to Heathrow
or to Paris, or both.

(vi) There are flights to both Heathrow and Paris if it's not a Tues-
day.

(b) Translate the following into idiomatic English.
(i) ha-p (i) hvp—hnap (iii) hAt—-p
(iv) hvpAat—hApVvt (v) —pA-t
[12, 10 marks]
2. (a) Construct truth tables for the following. Say which of them (if any)

are tautologies or contradictions.
(i) ~wApvy—o (i) pryvep—g
(i) 2(¢p—=¢)—eng (iv) 2(pA-(yvE))vy

(b) You are hungry and arrive late to a party. Luckily your friends offer
you some pizza, subject to the condition that once you pick a pizza
box, you must stick to it. Unfortunately, since you are late, only
one of them has pizza left in it.

Auspiciously, your friends have written some hints on the pizza
boxes with a marker. The only catch is: at least one of the hints
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Figure 1: The three pizza boxes

is false, and at least one of them is true. Which box contains the
pizza?

[12, 6 marks]
3. Consider the following predicates.
o(x) ="“x is an odd number”
p(x) = “x is a prime number”
s(n,m) =“n can be written as a sum of m square numbers”
(@) Translate the following into idiomatic English.
() ¥neN,p(n)—((n=2)vo(n))
(i) VYneN,o(n)Ap(n)—s(n,2)
(i) VNeN,o(N)—3r,s,teN:p(r)Ap(s)Ap(t)A(N=r+s+t)

(b) Deduce the negation of each of the statements in part (a), and ex-
press it in idiomatic English.

(c) What is the difference between the statements
VneN,I3meN:s(n,m) and dAmeN,VneN:s(n,m)?

Which of them is true (possibly none/both)?
[Hint: You might want to search online for Bachet’s conjecture].

[6, 5, 4 marks]
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4. Which of the following are true and which are false?

) 3€(3,5]

¢ 7€{23,..,11}
-13€e{..,-3,-2,-1}
-1,0,13c[-1,1)

i) {2,4,8,16,..} S[2,00)
k) @< X forall sets X

m) {@} <X for all sets X
o) @efX forall sets X
a) (g} <iio, {2} {ohh

5. Consider the set facts

An(BuA)=A and

(b) 10¢ (—o0,%]

(d) me(2,00)

() [1,2]<{0,1,2,3}

(h) [5,7] < (4,00)

() i@} X forall sets X

() @ <kX forall sets X

(n) @€ X forall sets X

(p) {{p}cho

() Piot=1{o, o}

[9 marks]

(A~B)U(B~A)=(AUB)~(AnB).

(@) Draw a Venn diagram which illustrates the corresponding regions.

(b) Prove the facts from the definitions.

6. Consider the sets

A={neZ:3keZ:n=2k}
C=1{neZ:n?is odd}

Find:
(@) AucC (b) AnC
(d D~A (e) C~B
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[4, 20 marks]

B={neZ:3keZ:n=3k}
D =7Zn|0,10].

() AnB
() D~(A~B)
[12 marks]
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Answers
1. (a (@) —h (i) hap (i) p—h
(iv) h—p (v)] t—hvp (vi) "t—hnAp
(b) (i) There is a flight from Malta to Heathrow, but not to Paris.

(ii) If there is a flight from Malta to either Heathrow or Paris, then
there is a flight to both.

(iii) It is Tuesday and there is a flight to Heathrow if and only if
there isn't a flight to Paris.

(iv) If there’s aflight to Heathrow, or it's Tuesday and there’s a flight
to Paris, then either there’s a flight to both Heathrow and Paris,
or it's Tuesday.

(v) There is neither a flight from Malta to Paris, nor is today Tues-
day.

2. (a) Youcanuse https://1lc.mt/tt to generate truth tables and check
your answers. You should find that (ii) is the only tautology.

(b) The first box contains the pizza.

Explanation: Consider cases. If the pizza is in the first box, then the
first two boxes have true statements on them, and the third box
has a false one on it. If the pizza is in the second box, all of the
statements would be false, whereas if the pizza is in the third box,
all the statements would be true. Thus the only possible option is
that the pizza is in the first box.

3. (a) (i) Every prime number is either 2, or odd.
(ii) Every odd prime can be written as a sum of two squares.

(iii) Every odd number can be expressed as the sum of three prime
numbers.”

(b) () IneN:p(n)A(n#2a-0(n)) T

"This is called the Ternary Goldbach conjecture. If you're interested, it was the subject of
my master’s thesis.
tnotice | used de Morgan’s law —(¢ v ) < = A = to simplify here.
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In English: There is a prime number which is neither 2, nor odd.

(i) 3neN:o(n) A p(n)A-s(n,2)
In English: There is an odd prime which cannot be written as a
sum of two squares.

(iii) ANeN:o(N)AVYr,s,teN:=p(r)vap(s)vap(t)vN#r+s+t.
In English: There is an odd number which cannot be expressed
as the sum of three primes.

(c) The difference is that in the first statement, m can depend on n,
whereas in the second statement, m is independent of n.

The first statement is obviously true, since any natural number can
obviously be written as a sum of n squares, namely, as
n=1%+--+12.
S —
n times

But in the second statement, we claim there exists a value of m
which doesn’t depend on the value of n. With a quick online search,
it's easy to come across Lagrange’s four-square theorem (less com-
monly known as Bachet’s conjecture), which states that any posi-
tive integer can be expressed as the sum of four squares. Thus the
second statement is true because m =4 works.

4, (a) false (b) true (c) true (d) true (e) false (f) false
(g) false (h) true (i) true (j) false (k) true (l) true
(m) true (n) false (o) true (p) false (q)

5. () () An(BUA)= (i) (A~B)U(B~A)=(AUB)~(AnB)

false (r) true

[Jintheset [ notin the set
(b) (i) To show that An(BuUA)=A, we must prove both:
(=) An(BUA)c A
() AcAn(BUA)
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For (~), we have
x€An(BUA) = xe AAxe BUA  (definition of n)
= x€A, (A-elimination®)
and for (+), we have

x€A = xe An(xe AvxeB) (p—pn(yVve))

— xeAAxeAuUB (definition of u)
= xe An(AuB), (definition of N)
which completes the proof. O
(ii) Toshow that (A~B)u(B~A)=(AuB)~(AnB), we must prove

both:
(=) (A~B)u(B~A)c(AuB)~(AnB)
(+) (AuB)~(AnB)<(A~B)uU(B~A)

For (~), we have

xe(A~B)u(B~A)
= x€(A~B)vxe(B~A) (definition of u)
= (xe AAx¢B)v(xe Bax¢A), (definition of ~)
= ((xe AAx¢B)vxeB) (distributivity of
A(xe AAxgB)vx¢A), V over A)

= ((xe AvxeB)A(x¢BvxeB)) (distributivity of
AN(xe Avx e A)A(xe Bvx¢A)), Vv over A)

= ((xe Av x e B)Atrue) (pv true)
Altrue A(x ¢ BV x ¢ A)), L ¢
= (xe AvxeB)A(x¢Avx¢B), (p Atrue < @)
— (xe AvxeB)A(xe AnxeB), (
= xe (AuB)Ax¢(AnB), (definition of U,N)
= xe€(AuB)~(AnB), (definition of ~)
and for (), notice that every step above is reversible (unlike
the previous proof), so replacing each = with a < gives us a
complete proof. O

de Morgan’s)

e, ory—o.
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6. Notice that A is the set of even numbers, B is the set of multiples of 3,
C is the set of odd integers (we saw that n? is odd if and only if n is odd),
and D is just the integers between O and 10.

(@ AuC=z b) AnC=¢

(0 AnB={neZ:nisamultiple of 6} ={0,+6,+12,...} =6Z S

(d) 1{1,3,5,7,9}

(e) {neZ:nisoddand notamultiple of 3} ={+1,+5,+7,+11, ...}

(fl A~B={+2,+4,+8,+10,..},s0o D~(A~B)=1{0,1,3,5,6,7,9}.

$The notation nZ means {nx: x € Z}.
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