L-Universita Department of Chemistry
ta' Malta Faculty of Science

B.Sc. (Hons.) Year |
Semester 2 Examination Session

CHE1217: Additional Techniques of Chemical Calculations 20th June 2022
08:30-10:35

Instructions
Read the following instructions carefully.

e Attempt only TWO questions.
e Each question carries 50 marks. The maximum mark is 100.
e Alist of mathematical formulae is provided on page 2.

e Only the use of non-programmable calculators is allowed. =
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MATHEMATICAL FORMULA

ALGEBRA
Factors
a3+ b3 =(a+b)(a®—ab+b?)
a3 - b3 =(a-b)(a®+ab+b?)
Quadratics
If ax? + bx + ¢ has roots a and S,
A =b?—4dac
a+p= —[3’ af=%
Finite Series
n 1
Z len Z P n(n+1)
k=1 k=1 2
Z”: 2= k(k+1)(2k+1)
k=1 6
n (n
(1+x)"=)" ( )x”
k=0 \k
=1+nx+ "(g._ll)x2+~--+x"
GEOMETRY & TRIGONOMETRY

Distance Formula
If A=(x1,y1) and B = (x2,2),

d(A,B) =/ (x1 —x2)2 + (y1 - y2)?
=1/ Ax2+ Ay?
Pythagorean Identity
cos?0 +sin’0 =1
General Solutions

cosf=cosa < O0=+a+2nZ
sin@=sina < 6 =(-1)"a+nn, nez

tanf =tana < O0=a+nZ
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CALCULUS
Derivatives Integrals
f(x) f'(x) f(x) S f(x)dx
n n-1 n X1
X nx x"(n#-1) el
sinx cosx sinx —CoSX
cosx —sinx cosx sinx
tanx sec? x tanx log(secx)
cotx —cosec? x cotx log(sinx)
secx secxtanx secx log(secx +tanx)
cosecx | —cosecxcotx cosecx log(tan %)
eX eX ex ex
log x 1/x 1/x logx
! ! 1 1 -1(x
uv u'v+uv = ztan~!(%)
/ ! 2 X -1l
uly (Jv-uw)/v == sin~! (%)

Homogeneous Linear Second Order ODEs
If the roots of ak2 + bk + ¢ are ki and ko, then the differential equa-
tion ay” + by’ + cy = 0 has general solution

y(x)=

Infinite Series

c1ek1X 4 cpekex if ki # ko
cref + coxek~ if k=ki=ko
e™(crcosBx+cpsinPfx) ifk=axBieC
00 4N 2 X3 X4
Z—I_1+x+—+—|+—I
= n! 2 31 4
$ DL 2
= n - 2 4l
neven

n-1
S
oon 31 5l
n odd
%o (-1 n+l 2 2
Z( ) XM=x- T X xe(-1,1]
=1oon 2 3
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/\ Attempt only TWO questions.

1. Consider the matrix

-3 2 2
A=|2 0 -2f.
-2 1 a

(@) Find the inverse matrix A~!. State the value(s) of a for which your
answer is valid.

(b) Consider the system of equations
-3x+2y+2z=1
2x —-2z=4
-2x+ y+az=>b.
For what values of a and b does this system have:
(i) aunique solution?
(ii) infinitely many solutions?
(iii) no solutions?
(c) (i) Solve the system in (b) when a=b=1.
(i) Solve the system in (b) when a=3 and b=-1.
(d) For this part of the question, assume that A has a=1.
(i) Find the eigenvalues of A.

(ii) Hence, determine P and D such that A = PDP~!, where D is
a diagonal matrix. (You don’t need to find P~1).

(iii) The functions x(t), y(t) and z(t), are related by the differential
equations

Solve for x(t), y(t) and z(t).
[12, 6, 7, 25 marks]
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2. (a) The function f three variables x, y and z satisfies

of of
— =2xz+3y and — =x2-15y%72.
0x 0z
Show that
f(x,y,z)= x°z+ 3xy — 5y223 +c(y),

where c is some function in y alone.

(b) (i) Suppose f(x,y) is separable, i.e., we may write express f as a
product f(x,y) = X(x)Y(y). Explain why

of dX of dY
—=—Y d — =X(x)—.
ox dx ) an oy (x) dy

(ii) Suppose f is a function of two variables x and y, and that
of of
— +x2— =

0x dy

Determine the general solution, assuming it is separable.

0.

() (i) If f(x,y) is separable, show that

d?X d2y
Vif="_Y X(x)——.

(ii) The Schrédinger equation for a particle of mass m moving in
the two-dimensional xy-plane is

”_l2
—— VU =FEV,
2m

where 7 and E are constants, V2 is the Laplacian operator, and
V¥ = Y(x,y) is the wave function. Assuming the solutions is
separable, and that X(0) = Y(0) = X(a) = Y(b) =0, show that

. (mmT \ . (N7
V(x,y)=Csin (TX) sin (?y)
where C is some constant.

[10, 15, 25 marks]
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3. (a) The Fibonacci numbers F, are defined by the recurrence relation
(Fn+1) _ (Fn + Fn—l)
Fn Fn '
where (E)) = (5)-
The golden ratio ¢ is the number 3(1+v/5).
(i) Show that

l-p=—5=3(1-v5) and 2p-1=Vv5

(ii) If x, = (Fgl), show that x, = Ax,_; for an appropriate 2 x 2

matrix A.
(iii) By diagonalising A, solve the recurrence relation and deduce
that
— 1 (,n_(_1)"
Fn= V5 ((p ( w) )
[Hint: Use ¢ in your working to keep it simple.]

(iv) Show that .

Fot _ P oo™

- 1
R

and deduce that Fg—;l — ( as n — oo.

(b) Let R be the matrix which rotates vectors in 3D by an anticlockwise
rotation of 6 around the z-axis.

() Find Ri, Rj and Rk, where i, j and k are the unit vectors in the
x-, y- and z-directions respectively.

cosf® -—sinf 0
R=|sin@ cos6 O0].

(i) Hence, show that

0 0 1

(iii) Show that det(R) = 1. What does this mean, geometrically?
[35, 15 marks]
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Solutions

1 -2 2a-2 4
1. (a) A_]‘:m 23_54 331—4 i,valid for when a;é%.

(b) The system is just Ax = b, where x = (x,y,z) and b= (1,4, b).

(i) We get a unique solution when A is invertible, i.e., when a # %
In this case, b can be anything.

(ii) Infinitely many solutions occur when A is not invertible, i.e.,
when a = % Doing Gaussian elimination on the augmented

matrix (A | b) with a = % one possible sequence of steps gives

R2+%R1—>R2
-3 2 211 2 -3 2 2 1
Ry+(-2)Ri—R
( 5> 0 -2|4 \)M( o % -2| U )
21 3 |b) RegR=Rs {0 0 0 b+]

The last row corresponds to the equation Ox+0y +0z= b+ %,
which has solutions when b = —%. Thus, for infinitely many
solutions, we need a=3 and b= -1.

(iii) From the previous part, we see that if a= 3 but b # —1, then
the system is inconsistent, and we get no solutions.

(c) (i) When a = b =1, the matrix A is invertible, so the solution is
justx=A"1b=(-1,2-3),ie,x=-1,y=2and z=-3.

(ii) This is the case of infinitely many solutions. With reference to
part (b)(ii), we have two restrictions on the three variables x, y
and z. Letting z = 1 € R, then R, gives

4 2/1_14:> _T7+A
3/ 3" T3 T VT
and then Ry gives
7T+ 6+ A
—3x+2(T)+2A:1:x:T.

Therefore, the system has the general solution x = %(6 +1),
y= %(7+/1), and z= A forany 1 e R.
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(d) (i) We have the characteristic polynomial
xa(A) =det(M=A)=23+24% -24 -2 = (A-1)(A+1)(A+2),

so the eigenvalues are 1 = +1,-2.
(ii) We determine corresponding eigenvectors for each eigenvalue:
ForA=1,x=(1,2,0),
ForA=-1,x=(1,0,1),
For A=-2, x=(4,-1,3).

11 4
Thus ifwedeﬁneP_(2 0 —1),weget
01 3
1 0 0
A=P[0 -1 o0 [Pl
0 0 -2

(iii) The given differential equations are equivalent to the matrix
equation x = Ax, where x = x(t) = (x(t), y(t), z(t)).

Using the diagonalised form, this is x = PDP~1x, equivalently,
P-1x=DP1x. If we let u=P~1x, then thisis & = Du, i.e.,

x'(t) x(t)
bal-( o)
Z'(t) -2z(t)

In general, the differential equation f'(t) = af (t) is equivalent
to % = a, and integrating both sides with respect to t, we get
log(f(t)) = at+logc, i.e., f(t) = ce®. So the vector differential

equation above becomes
x(t) Aet
y(t)|=| Be7t |,
z(t) Ce 2t
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and thus we've determined the solution u(t) of &= Du. Now
to translate this into the desired solution x(t) of the original
equation, we use the fact that x = Pu:

Aet + Be t +4Ce™2t
x(t)=Pu(t) = | 2Ae! — Ce™?t|,
Be~t+3Ce™2t
i.e., the solution is
x(t) = Aef + Be~t +4Ce™?t

y(t) =2Aet — Ce™2t
z(t) = Be~t+3Ce L.

(a) Integrating both derivatives gives the result.

(i) By the product rule,
of 0

—=—(X(x)Y
3 = o XY ()
oX oYy dX
=—Y X(x)—=—Y
and similarly for g—)f/.
(i) Assuming f = XY, differential equation is
dX dY
—Y+x’X—=0
dx dy
which rearranges into
1 dX 1dY
——+——=0,
x2X dx Y dy
and so we must have
R S |
x2X dx Y dy

for some constant C.
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These ar§ separable first order ODEs, which have solutions
X=Ae/3and Y = Be Y respecstively. Thus we obtain the
general solution f = XY = ABe€x /3‘Y), or, if we relabel the

constants,
3

f(x,y)= A5 ),
(c) (i) Similarto (b)(i), using the product rule twice.
(ii) By part (i), assuming ¥ = XY, the equation is just
d’X  _d’Y  2mE

dx2Y+Xdy2 =V,

and dividing through by ¥ = XY, we get
1d’°X 1d°Y 2mE

XdZ Ya? | m
Thus we have

1d°X _
X dx2

1d%Y

—C]_ and VW——CQ

where C; + C; =2mE /h2. In other words,
X"+ G X=0 and Y'+GY =0.

These are second order differential equations with constant
coefficients, and they have solutions

X =Asin(v/ Gix) and Y = Bsin(v/ Goy)

respectively (notice the boundary conditions X(0) = Y(0) =0
give the forms above).

Moreover, since X(a) =0, we have sin(y/C;a) =0, so we must
have \/Cia = mx for some m, i.e., \/ C; = mn/a. Similarly, since
Y (b) =0, we get that \/ G, = n/b for some integer n.

Thus, relabelling AB with C, we get

V=XY= Csin(%x)sin(%y).

CHE1217 May/June 2022 — LC Page iv



3. (a) (i) Simple algebra.
(i) We have

11
Xpn= (1 O)Xn_l.

(iii) The diagonalisation is

Al e S

and since x, = A"xg, where xg = (;1)) = (), we get

S L | I Ry (1)
_ (Fn+1):i(¢n+l_(1_(p)n+l)
Fo ) VBL @"=(1-¢)" )

and comparing the bottom entries gives the required formula.

(iv) This part is just a matter of simplifying the expression F,.1/F,
using the formula. When n — oo, the terms in n go to zero, and
we get that F.1/F,— @/1=¢.

(b) (i) For this question, a quick sketch or verbal argument suffices
to obtain these coordinates.

Ri = (cos@,sin6,0)
Rj =(—sin6,cos6,0)
Rk =(0,0,1).
(i) The matrix is just the images of i,j, k in its columns.

(iii) The proof involves the Pythagorean identity for simplification.
It means that the volume of any regions which we apply R to
remains unchanged (it will be multiplied by 1).
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