Mock Assessment Test

LUKE’S MATHS LESSONS®
Hal Tarxien, Malta

Advanced Level PAPER I 23rd August, 2022

Instructions

The goal of this test is to prepare you for your MATSEC advanced level pure
mathematics exam. The topics assessed here are those pertaining to the paper
1 syllabus.

Read the following instructions carefully.
e This test consists of 10 questions and carries 100 marks.
* You have 3 hours to complete this test.

e Attempt all questions.

*https://maths.mt
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1. Solve the differential equation
3y ysinxdx+secxdy =0

given that when x = 7, y = 0. Give your answer in the form y = f(x).

[10 marks]
2. Let y = cos?(logx).
(a) Show that ,
ay dy
2
£ ay=2
X de + xdx + y
[Hint: use the identity cos* A = 3(1+ cos2A).]
(b) Find [Zdx. [6, 4 marks]

3. (a) Find the equation of the line ¢;, joining the points having position
vectors 3i—j and 5i + 3j — 2k, respectively.

(b) The line ¢, has equation r = ai— 2k + u@i+ fj— k). Find a and S,
given that £ and ¢, are perpendicular and intersect each other.

[4, 6 marks]

4. (a) Theline ¢:ax+ by + 10 = 0 is tangent to the circle € with equation
(x+3)%+( Y- 4)2 = 4. Determine the constants a and b, given that
they are integers, and that ¢ intersects the x-axis at —g.

(b) Find the rotation matrix R associated with a (anticlockwise) rotation

-14
by an angle of sin™" .

(c) Find the image of € under R, and verify that ¢ is still a tangent to it.

[4, 3, 3 marks]
2 af2_ L o
5. Let =x“(1+ -— .
et f(x)=x"(1+x )(x 4x2)
(a) Find the coefficient of x** in the expansion of f(x).
(b) Solve the inequality f(x) = 0. [5, 5 marks]



6. (a) Express f(0) = v/3c0s26 —sin26 in the form Rcos(26 + a), where
R>0and a € [0, Z]. Hence or otherwise, deduce the coordinates of
the maximum turning point on the curve y = f(0), for 0 <0 < 7.

(b) Express
7-1i
w= -
1+2i
in the form a + bi. Hence, given that w is a root of

f(2)=z*+72* +182+10,

factorise f(z) as much as possible using only real coefficients.

[5, 5 marks]

7. Consider the functions
f@=1+e! and gx) =1-log(x+1),

where log denotes the natural logarithm.
(a) Sketch the graphs of y = f(x) and y = g(x) on separate diagrams.
(b) Find an expression for (f o g)(x), and state the domain and range of
the composition fog.
(c) Show that when x is small, (fo g)(x) = 2 — x + x°.

[Hint: use a series expansion.]

[3, 4, 3 marks]

8. (a) In how many ways can eight people be seated in a row of thirty
chairs, such that no two people sit next to each other?

(b) Consider the matrix A = (}3). Show that if a matrix X commutes
with the matrix A (i.e., satisfies AX = XA) then it must be of the form

(2 3b) for appropriate constants a and b.

[5, 5 marks]



10.

(a)

(b)

(a)

(b)

Using integration by parts, or otherwise, find

f(e +1)sec’0 do.

Using an appropriate substitution, find

4] 2
f _log(x) dx,
2 x(logx)?
where log denotes the natural logarithm.

[4, 6 marks]

Find the two geometric progressions with first term 8 and sum of
first three terms 14. Find the sum of the first n terms in both cases.
State which of the two converges and find its sum to infinity.

Solve the equation
log, 2x + k) = 2log, (x) + k,

for x, assuming that kb* +1 = 0.

[5, 5 marks]



Answers

1. Separating the variables, the equation is

ﬂ = -3Vvsinxcosxdx,
VY

and integrating both sides gives the general solution

27 =-2sin?x +c.

= y(x)=(c—- sin®/2 x)2.
Since y = 0 when x = 7, we see that
0:(c—1)2 = c=1,
thus the particular solution is

y(x) = (1 -sin®? x)2.

2. (a) If y=cos?(logx), then

d
4y cos(logx) - —sin(log x) - 1
dx *
_ sin(2logx)
= p ,

d’y cos(210gx)-§-x— 1-sin(2logx)

dx? x2
_ _2cos(2logx) —sin(2log x)

X2
Thus
d’y  dy
2

=X’ — +x—=+4
LHS = x"— 5 +x—" +4y

= —(2cos(2logx) —sin(2log x)) — sin(2log x) + 2(1 + cos(2log x))

=2 =RHS O



(b) The integral is

f cos?(log x)
x

dx = fcosz(logx) d(logx)
1
= Ef(l + cos(2logx)) d(log x)
= 1(2logx + sin(2logx)).
3. (a) Let the points be A and B, so that OA =3i —jand OB =5i+ 3j—2k.
Then AB = OB — OA = 2i + 4j — 2k, so we can take ¢; to be
r=0A+A(}AB)
r=3i—-j+A>i+2j-k).
(b) If ¢; and ¢, are perpendicular, it means their direction vectors are,
ie,i+2j-k-(i+pj-k =0,ie,1+26+1=0,ie., f=-1.

Moreover, since ¢ and ¢, intersect, we have that for some A and g,
they result in the same vector, i.e.,

Ji—j+A+2j-k) =ai-2k+pui-j-k
=  @B+Ai+(-1+20)j-Ak=(a+pi-pyj+ (-2 -pk,

comparing coordinates, we have that

3+l=a+u Q)
1+2A=—-pu @)
A==2-p ®

Solving (2) and (3) simultaneously, we get that A = —u =1, and from (2), it
follows that a = 5.

Thus @« =5, =-1.

4. (a) Since ¢ intersects the x-axis at —g, it passes through (—%,0), ie.,
a(-2)+b(0)+10=0,ie., a=4.



(b)

(©

Now being tangent to ¢, the distance of ¢ from the centre (-3,4) of
the circle must be the radius, 2. In other words, we have

14(=3) + b(-4) +10] _ )

Va2 1 p?
— (4b+2)% = 4(b* +16)
= (b-3)3b—5)=0
- b=3,

since the constants should be integers. Thus a =4,b =3.

The rotation matrix about any general angle 6 is

(cos@ - sinH)
9= .

sin@ cosf

With 6 = sin™! %, we can compute the entries as sinf = %, and cos0 =

\/l—sinZH:\/l—(g)Z:%,thus

1(3 -4
R-2 (3 )

Since R is a rotation, € will remain a circle after being transformed;
we just need to see where the centre goes:

R -3\ _ 1 3 —4)\(-3)\_ (-5
4) 514 3J\4) o)
Thus the image of € is a circle of the same radius, centred at (-5, 0),

i.e, (x+5)%+ y2 =4,

Now to check that it is still tangent to the line, we can verify that the
line is a distance of 2 away from its centre (-5,0). Indeed,

4(=5)+30)+10 _ =10 _,
VA 432 5

as required. O

d(é) (_5) 0)) =

’



5.

(a) Rearranging f(x) a bit, we have

(b)

24 o 2_L)15
f(x)—x(1+x)(x 12

=x*Q+xhHa x2axt -1y
=4 Px P+ xh@xt -nh

— 4—15(x—28 + x—24)(4x4 _ 1)15.

Now the only contribution to the coefficient of x?* must come from
the coefficients of x°2 and x*® in the expansion of (4x* —1)!5, since
then multiplying these by x~2% and x~2* respectively will give x?4.

In other words, the part of the expansion we care about is

15 15
47O T e | @D D | @) B
12 13
=471 (x4 x72)(—455-412x% + 105483 x%% + ),

and more specifically, expanding the two brackets, we see that the
two terms having terms in x4 are

455 24+Ex24:_§x24

4715(—455.412 x4 11054183 = -
43 42 64

)

thus the coefficient is —%.

Notice that the expressions x? and (1 + x*) are always non-negative,

so they have no bearing on whether f(x) is = 0 or not. Moreover, the
sign of (x* - ﬁ) ' is the same as the sign of the inner term, x— ﬁ.
Thus the inequality f(x) = 0 amounts to just asking when

2 1
x - 4x2 /0
— 4x*-1>0
— Cx*+1)2x*-1)=0 (=2x°+1)
_—> 2x2_120,

and drawing a quick sketch of the parabola 2x? — 1, we see that it is

non-negative for x < —@ orx:= @

8



6.

(a)

(b)

We expand the expression Rcos(26 + a) using the compound angle
identity for cosine, so that we may compare coefficients.

V30826 —sin26 = Rcos(20 + a)
= Rcosacos20 — Rsina sin 206,

so we want that

Rcosa=+/3 ©)
Rsina =1. ®

If we do @ + (1), we get tana = Y3 and we may take a to be the

3
principal value tan™! (@) =z
To find R, we take advantage of the Pythagorean identity, noting that

™%+ @)? gives R> =4, i.e., R=2.
Thus f(6) = 2cos (260 + %).

Now, the maximum turning point occurs when 2 cos(260 + %) =2, i.e.,
when cos(26 + §) = 1. We can use the general solution, or just recall
from the graph that cos6 is 1 at even multiples of 7, we see that

29+%:2n7r

= O=nn—-=2

12’
and it’s clear the only value of 6 in the desired range is obtained
when we put n = 1, which is 0 = %n. Thus the maximum turning

point occurs at (137,2).

Multiplying the top and bottom by the conjugate (1 +2i)* =1-2i,
we get that

_(7-D1-2i)

12422
Now, since f has real coefficients, any complex roots it has must
occur in conjugate pairs. Thus w* = 1+3i must also be a root. Since
w+ w* =2 and ww* = 12+ 32 = 10, we see that z2 —2z + 10 is the
quadratic with w, w* as its roots. Thus (z2 =2z +10) | f, and we can
write

1-3i.

f(2) = (2 -2z +10)(z +1)*

using long division.



7. Notice that f is the top-half of the circle x> + y> = 1.

y y
1
y=rfx)
X
X _
-1 1 m
Domain: [-1,1] Domain: R~ {0}
Range: [0,1] Range: R~ {0}
(a) We have
1
hi(x)=(fog)(x)=4/1- P
and

dom(h;) = g_l(ran(g) Nndom(f))

=g ' ([-1,11~ {0}
= (—o00,—1]U[1,00).

From their graphs, we see that if we restrict &, to [1,00), then h; is
one-to-one.

(b) Similarly,

1
ha(x) = (8o f)(x) = )

1—x2

and

dom(h,) = f_l(ran(f) Nndom(g))

= 10,11
=[-1,1]~{0}.

From the graphs, we see that h, is one-to-one on (0, 1].

10



8.

(©

(a)

(b)

We have

1
1-——=V1-(1-x)=Vxl=x,
1
(\/l—x2
so h; and h, are mutual inverses.

Sketch:

(hiohy)(x) =

y=hy(x)

There are 18 letters, with the following repetitions: 4 T’s, 3 A’s, 3 N’s,
2I'sand 2 S’s. Thus the number of permutations is

18!
——— =1852538688000.
41313!1212!
Let Vrepresent the place where all the vowels will go. Then, ignoring
the vowels for now, the permutations we desire are all those of the
word TRNSBSTNTTNYV, which has
12! .

—— =1663 200 permutations.

413!12!
Now, we replace the token letter V with all the vowels (this way, they
remain together). The vowels from the original word are AUAIAIO,
which among themselves, have

3'—é' = 420 permutations.

Thus, overall, we have 1663200 x 420 = 698 544 000 permutations.

11



(c) The probability is

698544000 1
1852538688000 2652

9. (a) Wehave

f cosf dQ:[ d(sin0) —Lt _l(smH

sin’6 +3 sin?0+3 3 an V3 e
(b) Integrating by parts,
e e
fllongde:fl logxd (1)
_logx1®, fd(logx)
X 1 1 X

1 €dx

T e h 22
1 1]°

_ 24|z
e X1

10. (a) Wehave a=8and a+ar+ar? =14, and plugging one into the other

gives 8+ 8r +8r? = 14, i.e, 1 + r+r® = I, This quadratic has roots ;
and —%.

Thus the two geometric progressions are a, = 8(%)”_1 =16-27""and

-1
by =8(-3)"" = (-3)"

The sum of the first n terms of a,, is

n 1— (l)"
Y ar=8—2-=161-27"
k=1 -3
and similarly for b,, we have
U 1-(-3)" 16
> bi=8 3 :g(l—(—g)n)
k=1 -—3



Since only a,, satisfies |r| < 1, its sum is the convergent one. Indeed,
we have

i a, = lim 16(1-2"") =16.
n=1 oo
(b) Using laws of logarithms, the equation is
log,2x+ k) = logb(x2 bk)
which is equivalent to the quadratic
bkx2—2x—k:0,

which has solutions

x =2 (1+V1+kb¥).

bk

13
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