Mock Assessment Test

MATHEMATICS TUTORIALS®
Hal Tarxien, Malta
Advanced Level May 2021

Instructions

The goal of this test is to prepare you for your MATSEC advanced level pure
mathematics exam. The topics covered are those examinable in paper 1.

Read the following instructions carefully.
e This test consists of 6 questions and carries 60 marks.
* You have two hours to complete this test.

e Attempt all questions.

*https://maths.mt
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. 3xF-2x+11 , :
(@) Resolve the function —————— into partial fractions.
(x+1)(x—4)

(b) Solve the differential equation

d
(x2 +1)(x—-4) d_y = sec4y(3x2 —2x+11),
X
given that y = 0 when x = 5.
[3, 7 marks]

(a) Find the equation of the circle ¢, having centre lying on the x-axis,
whose tangent at the point (2, 1) is given by the equation ¢, : 2y = x.

(b) Verify that ¢,:2y =5— x is also a tangent to the circle.

(c) Find the point of intersection of ¢, and ¢», and verify (for this case)
the classical geometry theorem which states that tangents to a circle
from the same point are equal in length.

[5, 2, 3 marks]

(@) (i) Express f(x)=cosx+ v3sinx in the form
f(x)=Rcos(x—a)

where R>0and a € [0,%].

(ii) Sketch y = f(x) in the range [0, 27], clearly indicating the curve’s
amplitude, and the points where it intersects the coordinate
axes.

(iii) Find the minimum value of 1/(f(x) + 1) for 0 < x < 7, and state
the value of x at which this minimum occurs.

(b) Determine the five solutions to the equation
sinf +sin360 +sin50 =0

for 6 in the range 0 < 6 < 360°.
[6, 4 marks]



4. (a) Find dy/dx in terms of x and y for each of the following.
(i) x=-e'cost, y=e’sint, where t € R is a parameter.
(i) 4x%>-3xy+5y3+2cosysinx=7.

(b) Find the tangent to the curve y = exp(sinzx —cosx) at the point
where x = 7. [Note: exp x = e”]

(c) If x and y are nonnegative real numbers such that x + y = 15, what
is the maximum possible value of x y*?

(4, 3, 3 marks]

5. (a) (i) Express p(x)=3-2x— x?in the form a — (x + b).

(ii) Use the substitution x + 1 = 2sin u to show that

1 47 —3v/3
f \/3—2x—x2dx:—\/_.
0

6

(b) Find
f e cos B0 do.

[5, 5 marks]

6. The real-valued function f is given by

1-x forx< -2
fx)={a-x—x*> for-2<x<2
In(x+b) forx=2

(a) Determine the constants a and b so that f is continuous (i.e., the
endpoints of each piece of the function meet at the same point).

(b) Sketch f in the range —5 < x < 5, clearly indicating the intercepts
with the coordinate axes, and state its domain and range.

(c) The real-valued function g is given by g(x) = 3—|x| over the domain
-3 < x < 1. Sketch the function g(x) and state its range. Also, show
that there is no point where f(x) = g(x).

[3, 3, 4 marks]



Hints and Solutions

1. (a) We have the partial fraction expansion

3x*—2x+11 _Ax+B C
(2+1)(x—4) x2+1 x-4

For C, we multiply throughout by (x —4) to get

3x*-2x+11 (Ax+B)(x—4) .
x2+1 x?+1

G,

and putting x = 4, we have

342 -24)+11 _
@2+1

0+C,

hence C =3.
Now, for A and B:

3x*-2x+11 _Ax+B 3
xX2+1)(x—-4) x2+1 T r-a
_ (Ax+B)(x—-4) +3(x*+1)
B (x2+1)(x—4)
_ (3+A)x*+(B-4A)x+3-4B
B (x2+1)(x—4)
= 3x*>-2x+11=B+A)x*+(B-4A)x+3-4B

Since we have two identical polynomials in x, their coefficients must
be equal. Comparing the coefficients of x?, we get3 =3+ A, so A= 0.
Now comparing the coefficients of x° (i.e., the constant terms), we
have1l1 =3-4B — 8=-4B,so B=-2.

| 3x*-2x+11 3 2
T2+ D(x—-4)  x—-4 x2+1])




d
(b) (x*+1)(x—4) d_ic/ =sec’ y(3x% —2x+11)

dy 3x2-2x+11

secty  (x2+1)(x—4)

:>fcos ydy= f(x 1 x2+1)dx (by part (a) above)

1
4 —
:>fcos ydy—Sfmdx—foz_de

- f(coszy)zdy:3log(x—4)—2tan_1x *)

Now, continuing to evaluate the LHS:
1 2
f(coszy)zdy:f(z(c052y+ 1)) dy
1 2
= Zf(cos 2y+2cos2y+1)dy

1 1 1
:chos22ydy+ EfcosZydy+Zfdy

sin2y+z

—1f1(cos4 +1)dy+
42 y y 4

sin4 in2
_sindy 'y sin2y y.
32 8 4 4

(o

Substituting back in (%), we have

sin4 sin2
y y smey V... 3log(x—4)—2tan"' x
32 8 4

— sin4y +8sin2y + 12y + ¢ = 961log(x —4) —64tan ' x

as the general solution. Now we can obtain the particular solution by
determining the constant c to match the initial condition y(5) =

x=5

0} —> sin0+8sin0+12(0) + c = 96logl —64tan"'5
y:

—> ¢=—64tan"'5.



Therefore the particular solution is

sindy +8sin2y + 12y = 96log(x —4) — 64(tan"' x +tan"'5) |.

2. We have the following scenario:

y

(a) We need to find the equation of a circle—this involves finding its
centre (a, b) and its radius r, then substituting these into the equa-
tion (x — a)? + (y — b)? = r2.

Let us start with the centre. Since the circle is centred at the origin,
then the normal to the circle at (2,1) (i.e., the radius line in the dia-
gram) intersects the x-axis at the centre. Now the given tangent has

gradient
1-0 1
m-=——= -,
2-0 2
so the normal at the same point has gradient m’' = —% =-2.

Hence the equation of the normalis y—1=-2(x-2) = y=5-2x.
Now that we have this equation, substituting y = 0 will give us the
x-intercept. y=0 = 0=5-2x = 2x=5 = x= g Thus the
coordinates of the centre are (3,0).

Now the radius is easy to find: we know the centre, and we know a
point on the circumference. Thus r is simply the distance between

these two points:
5\ 5
r= (2——) +(1—0)2:£.
2 2
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(b)

(©)

5)\° 5
Therefore the equation of the circle € is (x — 5) +y?=2|.

l,:2y =5—xis atangent to the circle € if and only if they intersect
at precisely one point. We can show that this is the case by solving
their equations simultaneously. We have the system

(x-3)+r=% @
2y=5-x ®

From (2), we get that y = (5 — x)/2. Substituting this in (1) gives

-

) 25 x*-10x+25 5

=X -5Xx+—+—— =-—
4 4 4

—5x°-30x+50=5

— x>—6x+9=0

= (x-3)%=0

— x=3 (twice)

By (2), we then get the corresponding y-coordinate y = (5—-3)/2=1,
so the circle and line only intersect at (3, 1), proving tangency. O

We solve the system

l1:2y=x ©)

l,:2y=5-x (2
to find the point of intersection. (1) —(2) gives 0 =2x -5, so x =
Substituting into (1), we get y = 5 = %. Hence ¢; and ¢ intersect at

(33)
204}

Now to verify that “tangents from the same point are equal in length”,
we show that the distance from the intersection point (g, %) to the
point of contact with the circle is equal for both tangents. Let d;, d>
represent these distances for ¢, and ¢, respectively.

\S][&)]




3.

(@

Since ¢ intersects the circle at (2, 1),

a3 1) -2

4
Now recall from part (b) that ¢, intersects the circle at (3,1). Thus

the distance
5 Y (5 \V 5
a=yE-of 20 = B
2 4 4

as required. O

(i) We expand Rcos(x — &) using the compound angle identity for
cosine, so that we may compare coefficients.

cosx+V3sinx = Rcos(x—a)

= Rcosacosx+ Rsinasinx,

so we want that

{ Rcosa =1 ©)
Rsina = V3. ©)

If we do 2) + (1), we get tana = V3, and we may take a to be the
principal value tan~'+/3 = 3. To find R, we take advantage of
the Pythagorean identity, noting that ()? + 2)? gives R? = 4, i.e.,
R=2.

Thus we have

cosx+ \/§sinx: 2cos(x——) .

(ii) Now to sketch the graph of y = 2cos(x - 3), we start by drawing
the regular cosine curve in the range 0 < x < 27 (figure 1). Next,
we apply the graphical transformation f(x) — f(x — %), which
has the effect of translating the graph to the rlght by Z units. If
we keep track of the x-intercepts, 5 becomes 5 + 3 = 52’, and =* 3”

becomes ”T”. Similarly, the peak at 0 moves to %, and the trough

8
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FIGURE 1: Sketch of y = cosx

e

FIGURE 2: Sketch of y = cos(x + 3)



2cos(x — %)

w|y
S
3
[\
S|

FIGURE 3: Sketch of y =2cos(x + %)

at 7 moves to %”. The y-intercept is now cos(0— %) = % (figure 2).
Finally, doing the transformation f(x) — 2f(x) to this graph,
we obtain the desired graph. This has the effect of a vertical
stretch by a factor of two, so numbers on the y-axis are doubled
(figure 3).

(iii) To find this minimum, one simply needs to note that —-— orething

is smallest (in size) whenever the something is largest (in size).
Now in our case, the something is f(x) + 1, and clearly this is
largest whenever f(x) is largest. To determine when f(x) is
largest, we simply need to look at the graph from part (a): within
the range 0 < x < 7, f(x) reaches its maximum of 2 at x = 7/3.
Thus the minimum of 1/(1 + f(x)) is 1/(1+2) = %, and this oc-

curs at x = %

(b) Noting that the average of 6 and 56 is 360, one way we can proceed
here is to use the sum-to-product trigonometric identities.

sinf +sin30 +sin50 =0
=—> sinf +sin50 +sin30 =0

— ZSin(e“LZSG) cos(@) +sin30=0
— 2sin30cos260 +sin360 =0
— sin30(2cos260+1)=0

— sin30=0 or 2c0s20+1=0
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Solving both equations separately, we first have have
sin360 =0
= (30)py=sin"'0=0
=30=180°n, neZ
=60 =60n, nez

Taking n = 1,2,3,4,5, the values of 6 in range are 60°, 120°, 180°,
240°, and 300°. Next we solve the second equation

2c0s20+1=0
1
= co0s20 = =3

= (20)py =cos ™! (—3) =120°
=20=360°n+120°, nez
= 0=180°n+60°, neZz

Taking n = 0,1,2, we obtain 8 = 60°,120°,240°,300° in range. Thus
combining the results from both cases, we get the solutions

0 =60°,120°,180°,240°,300° |.

@ ®

x=e'cost y=e'sint
d
:d—j:e[cost—etsint — Y etsint+elcost
=x-y =y+x
. dy dy dt 1 dy x+y
Bth h ].,—:—-—: + , _— = .
y the c alnruedx ar dx (y x)x—y SO dx x—y
(ii) 4x*-3xy+5y3+2cosysinx =7

= 5(4)62 —3xy+5y3 +2cosysinx) = a(?)

dy ,dy
—8x-3y—-3x— +15y"—
x—-3y-3x y P

dy
+2cosycosx—2sinysinx— =0
dx Y y dx

d
= d—i:(ISy2 —3x—-2sinysinx) =3y —-8x—2cosycosx

_|dy 3y—8x—-2cosycosx
“ldx  15y2—3x—2sinysinx
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(b) y = exp(sin? x — cos x)

d
= d_y = (2sinxcos x + sin x) exp(sin2 X —COSX)
x
dy T T .7 . o T T
= — :(231n—cos—+sm—)exp(s1n ——cos—):explze
dxlx=2 2 2 2 2 2

Now, at x =7, y = exp(sin? 3 —cos7) =expl = e. Thus the equation
of the tangent is

y—e:e(x—g)

(c) x+y =15, we want to find max(xy?).
d .
Set d—(x y)=0 (for critical values)
y
d 9 )
:»d—y((IS—y)y):O (since x+ y =15)

— 4152y =

Yy =y)=0

dy

= 30y-3)*=0

= y(10-y)=0

:y:() or y:10

Thus the maximum occurs when y = 10, so max(x y?) = (15-10)10% =
500 |.

5. (a) (i) Bycompleting the square, we have
p(x) =3-2x—x°
=—(x*+2x-3)
=—[(x+1)*-3-1]
= —[(x+1)* 4]
=4—(x+1)*

Therefore .

12



1
(ii) f V3-2x—x2dx
0

1
:fo vV px)dx
1
:f Va-(x+1)2 dx
0
x=1
:f V4—4sin®u dx
x=0
u=3 ; dx
:2f V1-sinu —du
u= du
’ Vcos?u (2cosu)du

4
6

Il o

u

=2
u

S ]

:4f cos’udu

6
(1

:4f (§(c082u+1)
5

:2f2(0082u+ du
3

du

(sinZu

I
2
I
6

+u)

47 —3v3
6

Letx+1=2sinu

X
— — =2cosu
d

u
x=0 = u=sin

x=1=— u=sin"

(b) We proceed using integration by parts, twice.

13
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2

_z
=1
_x

2

by ()



Let I = f e cos p0 do

u=e*® dv=cosphdo

= — d i
uv fv u 040 o p smﬁﬁ@
eYsinpld «a
=5 "% e* sin 0 dO
efsinf0 ; w=e% dx=sinpodo
- p —B(wx—fx w) =ae*do :x:—cozﬁe
af ; af
- ¢ S sl;nﬁﬁ_%(_—e C;S‘BH+E e“ecosﬁHdB)
Be®@sin O+ ae*®cos O a?
= [ = ﬁz —EI
2 af :
. (1+%)I: e (acosﬁﬁ@;ﬁsmﬁ@)
af :
e e" (acos B0 + Bsin f0)
B 2 a2
1+ )
af
Thereforefe“g cos 0 do = #ﬁz(acosﬁ9+ﬁsinﬁ0) .

6. (a) If f is well-defined at x = -2, then f(-2) =1+2 = 3 (since f(x) =
1—x for x < -2), must also equal f(-2)=a+2- (=2)2 = a—2 (since
f(x) = a—x—x?for —2 < x < 2). In other words, we want the outputs
at the endpoints to be the same (so that the curves are connected),
thuswewant3=a-2 = a=>5.

Similarly at x =2, we want f(2) = 5—2—2% = —1 (since flx) = 5—x—x2

for -2 < x < 2) to equal f(2) =In(2+ b) (since f(x) = In(x + b) for
x = 2). Thus we equate and solve —1=1In2+b) = e !=2+b =
b=e1-2.

Therefore|a=5, b=e ' —2|.

(b) The sketchis given in 22. Intercepts are determined in the usual way,

14
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V21-1
2
> X
3e—1
Vo
2,-1)

FIGURE 4: Sketch of y = f(x)

evaluating f(0) for the f-intercept, and solving f(x) = 0 for the dif-
ferent parts of the function for the x-intercepts.

Clearly f is defined for all real numbers, so the domain| dom(f) =R |,
and since no part of the curve lies below the line f = —1, the range
’ran(f) =[-1,00) ‘

The sketch is given in ?2. Since all of the curve lies between y = 3
and y =0, with 0 excluded and 3 included, then ‘ ran(g) = (0,3]|.

Now, to show that there are no values of x for which f(x) = g(x), let
us attempt to solve this equation on different parts of the common
domain. When -3 < x < -2, the equation f(x) = g(x) becomes

x—-1=3+x,

where 3 — |x| becomes 3 + x since x is always negative in this part
of the domain, so |x| = —x. The equation above clearly has no solu-
tions. Now when -2 < x <0, the equation f(x) = g(x) becomes

5—x—x>=3+x.

15
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FIGURE 5: Sketch of y = g(x)

This is the quadratic equation x? + 2x — 2 = 0 which has solutions
x = —1+ /3, but these are both outside the range —2 < x <0, so the
curves do not intersectin —2 < x <0.

Finally for 0 < x < 1, the equation f(x) = g(x) becomes

i.e., x2 = 2, which has solutions x = +v/2. These are both out of the
range 0 < x < 1, so the curves do not intersect over the range.

Thus combining our observations the curves do not intersect in the
range —3 < x < 1, but that is the entire domain of g, so they do not
intersect. O

16



	Question 1
	Question 2
	Question 3
	Question 4
	Question 5
	Question 6

