TELESCOPING SERIES

L. COLLINS

Certain series have general terms which may be written as a difference of two
terms of the same shape, and consequently exhibit lots of cancellation. For instance,
the sum
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does not immediately look like there is cancellation, but if we expand the general
term into partial fractions, we see that actually it equals

n
> (i)

whose general term is a difference of the form f(k) — f(k+ 1). Thus the terms are
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and rebracketing, we have
1 2 2 3 3 non n+1’

so all the middle terms cancel and we are left with the nice formula
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Sums which exhibit such cancellation are called telescoping sums. (Think of the
terms cancelling as equivalent to the act of collapsing a telescope.)

Remark. Notice that we can also infer the sum to infinity
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Do c——————————

WORKING WITH >-NOTATION

It might make you feel uneasy that we are relying on the ellipsis-form (---) of
the series to carry out this manipulation. In truth, we can work entirely with -
notation instead, and this actually makes things easier when the cancellation is not
as straightforward as in the example we just gave.
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We simply need to make two observations about how we can manipulate sums.
Observe that we can shift the indices of a sum by any whole number X:

b b+X
Sk = > flk-X).
k=a k=a+X

Indeed, both sums represent f(a)+---+ f(b). (A good way to check that you did
this correctly when working is to think of what the first and last terms are before
and after the manipulation, and to make sure that they agree. For instance,

n+2
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;k+2_kz:3k’

both have first term % and last term %ﬁ) The second observation we make is that

we can extract any number of terms from a sum, either at the start, or at the end,
so long as we adjust the indices appropriately; for instance, we can take out three

terms at the start of
> fk)
k=1

to get

n

FO) +F@) + FB3)+ > f(k),

k=4
or the first two and last two to get
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By combining these two techniques, we can make the cancellation obvious in X-
notation. Indeed, the example we just gave amounts to rewriting the series as
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So in summary, the two steps we need to perform to evaluate a telescoping sum
are:

(1) split the sum using linearity, and adjust the indices of summation so that
all sums present have identical general terms;

(2) take out terms from the start and end of each sum so that you are left with
identical sums which cancel.
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Here is another example: observe that we can work out Y.;'_, coskf by writing
the general term cos kf as a difference: if we multiply it by sinf, we can use the
identity 2sin A cos B = sin(A + B) + sin(A4 — B) to get

sinf coskd = 3 (sin(k6 + 0) + sin(6 — k0)) = % (sin(k + 1) — sin(k — 1)6),
ie.,
coskd = FescO(f(k+1)— f(k—1))
where f(k) = sink6. Thus

Zn:cos k) = ngo (Xn:sm(k F1)0— ism(k - 1)9)
k=1 k=1 k=1

csc (n+1 . n—1 .
Z sin k0 — Z sin k‘@)
2 k=2 k=0

n—

1 n—1

cscd . . . . .

=5 (Zsmk@ + sinnf + sin(n + 1)0 — sin 6§ — Zsmk@)
k=2 k=2

= 1 cscf(sin(nf) + sin(n + 1)6 — sin6),

which is a nice closed form.

Exercise. (1) Show that

and deduce the value of 37, 7.
(2) Show that the closed form we obtained for > }_, coskf can be further
simplified to

0 im0 0 0
csc g sinng cos(n + 1)3.

(3) Similarly prove that

n

i — 9 cinn? «i 9
E sinkf = csc 5 sinng sin(n +1)3.
k=1

Do .

GENERALITY OF THE METHOD

Notice that it isn’t necessarily the case that the general term is of the form
f(k)— f(k+1). In fact, any combination ay f(k+b1)+asf(k+bs)+---+asf(k+bs)
of a shifted term f(k) with coefficients ay,...,as such that a1 +as +-+-+as =0
is a candidate for this method. For instance, take the terms

VE+2, k-1, and V&,

and combine them with coefficients 2, —3 and 1 (since these add up to zero), so
that we have the sum

zn:w/wr —3vVk -1+ Vk.
k=1
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We can apply the method as usual:

Sovk+2-3VE—1+VE=2Y VE+2-3> VE-1+Y Vk
k=1 k=1 k=1 k=1

n+2 n—1 n
23 Vi3S VR4S VR
k=3 k=0 k=1

n—1

zz(kz_gﬁwm\/mwm)

n—1 n—1
—3(1+x/§+;x/ﬁ)+1+\/§+kz_3\/%+\/ﬁ

=3Vn+2vVn+1+2Vn+2-2-2V2,
and notice that precisely because the coefficients add up to zero, we have that the
remaining identical sums all cancel, leaving us with a closed form for the sum.

Ezample (MATSEC May 2020, Question 4). Find

5k + 13

S":,; (k+2)(k+3)(k+5)’

and deduce the sum to infinity S..

n

Solution. Expanding partial fractions, we have

S":Z(k;*k—lys*kis)‘

k=1

Notice that these are all translated versions of the same general term f(k) = %, and
that the coefficients 1,1, —2 sum to zero. This tells us that we have a telescoping
sum.
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kz::gk+3+n+3+n+4+n+5
37 1 2 2
30 n+3 n+4 n+5
As n — oo, the terms in n all go to zero, so we have that S, = 37/30. O




